A method is given for constructing simple new "finite elements" that seem well-suited to approximating smooth functions in rectangular polygons decomposed into rectangular cells. Some of the key properties of the elements are derived, and analogous threedimensional "bricks" are constructed.
The purpose of this note is to describe some simple new classes of "finite elements," constructed by locally blended interpolation, that seem well-suited to approximating smooth functions in general rectangular polygons that have been subdivided into rectangular cells. We also describe (in §2) higher-dimensional analogs of these elements which can be used in rectangular polytopes subdivided into "bricks."
Some of the advantageous features of these new methods are:
(i) Simplicity of construction,
(ii) Ease of local mesh refinement, (iii) High accuracy of approximation obtainable, namely, O(h4) for linear blending where h is the maximum cell diameter (see §3), (iv) Ease of modification to exactly match Dirichlet boundary conditions (see §5).
Consider for example Fig. 1 . Here a square has been subdivided into 23 rectangular cells by 14 mesh-lines intersecting in a total of 36 vertices; 58 "edge segments" terminated by adjacent nodes result. At each node (or "vertex"), we take u, u,, and u1 as unknown "nodal values," giving a total of 108 unknowns. These determine a unique cubic Hermite interpolant along each edge segment of the rectangular graph.
Alternatively, by constraining the second (tangential) derivative to be continuous along mesh-lines, we can dispense with the values of u, and u. except at terminal nodes. Since in Fig. 1 blending of piecewise linear (polygonal) edge functions will not be the simple familiar bilinear element type a + bx + cy + dry, but will be a piecewise bilinear "macro-element."
To pass from any univariate interpolants along edges to bivariate interpolants in rectangles can be achieved by local linear blending, a scheme whose properties have been de- is N + 2X, where X is the total number of mesh-lines.
Three dimensions
An attractive feature of linear blending is the ease with which it can be extended to any decomposition X of a rectangular polytope P into box-shaped (hexahedral) subregions or "bricks," provided the decomposition is "admissible" in the following sense. Definition: Given a disjoint union of "bricks" with faces parallel to the coordinate planes of a cartesian coordinate system, we define its graph G(P,-r) to be the totality of the edge segments and corner nodes of the bricks. We call the graph admissible when it decomposes each face of every brick into a disjoint union of rectangles, as in Fig. 2a . In contrast, the graph of Fig. 2b Finally, an analogous proof holds for trivariate linear blending function approximation. 4 . Use in the "finite element" method Up to now, our emphasis has been on extending univariate interpolation schemes to higher dimensions without reducing their orders of accuracy. We now consider the resulting bivariate and trivariate interpolation formulas as providing new classes of finite elements, which could be useful in solving boundary value problems.
In this connection, these elements have the attractive feature, already exploited by Marshall and Mitchell (5) and discussed by others, of being easily modified so as to exactly satisfy Dirichlet-type boundary conditions.
Given any rectangular polygon D subdivided into rectangles by a partition T, and the (boundary) values of u on the boundary mesh-line segments, we can consider the normal derivatives at boundary mesh-points as free unknown parametersl, the other unknowns being the nodal values of u at interior mesh points and the values of us (and/or) u,, at terminal nodes. We can then locally linearly blend the boundary values of u and univariate cubic spline interpolants constructed along interior mesh-lines as described in §1. Then (a) To specify univariate cubic splines on the edges of the configuration of Fig. 3a , one must know u at all 25 meshpoints, and us and u, each at 10 terminal mesh-points.
Hence the approximating subspace obtained by linear blending of these cubic splines has 45 dimensions, as compared with 49 for bicubic splines, 100 for bicubic Hermite, and 75 for linearly blended cubic Hermite.
(b) To specify univariate cubic splines on the mesh-lines of the configuration of (c) In Fig. 3c , which has 41 + 16 = 57 nodes and 18 meshlines, we have 24 more unknowns and hence 93 in all for the case of linearly blended cubic splines. This compares with 3-57 = 171 for linearly blended cubic Hermite and 228 for bicubic Hermite approximating functions.
Finally, in three dimensions, the usual procedure of trivariate cubic Hermite interpolation requires 8 unknowns per mesh-point (namely: u, U ,, ul, uZI un,, use, uz, uZ); whereas linearly blended univariate cubic Hermite interpolation requires only 4, half as many; but both are O(h4) schemes. In two dimensions, the corresponding numbers per meshpoint are 4 
